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THE GENERAL IDEA

The essence of statistical inference is the borrowing of infor-
mation from a group of data to make predictions about how
a particular population behaves. The grouping of data and
the definition of the population(s) of interest are fundamental
and recurring problems in the application of statistical meth-
ods to contaminated site studies. On one hand, the uniqueness
of each and every sample encourages us to split the data into
smaller and smaller groups and to recognize multiple popula-
tions in our data. On the other hand, the need for a sufficient
number of data to support statistical calculations encourages
us to group data together into larger groups and to work with
fewer populations, each of which contains more data.

As an example of this problem, consider the twenty sample
values listed in Table 1 and shown as a histogram in Figure 1.
Are there two populations here, a “background” o low values
in the 0 to 10 ug/g range and another population of higher
“contaminated” values? Or is there just a single population
that happens to be highly skewed with a lot of low values and
a decreasing proportion of higher ones?
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samples from a contaminated site.

If these data are viewed as a single population, then an appro-
priate distribution model would need to be asymmetric with a
long tail; a lognormal distribution, for example, could do the
job. On the other hand, if these data are viewed as a mixture of
two populations, then it might not be necessary to use skewed
distribution models; a combination of two normal distributions
might be more appropriate. These two different approaches to
data analysis and interpretation will lead to quite different pre-
dictions, particularly when trying to estimate the probability of
extreme events.

Unfortunately, there is no statistical test that unambiguously
proves that data belong in a single population or that they
need to be split into separate populations. Trying to test for
whether the data should be grouped or split is a chicken-and-
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egg problem. Until we assume some underlying population, we
have no point of reference against which we can compare our

actual data. Developing such a point of reference requires some
data (or some bold assumptions) and, depending on which data
we choose (or which assumptions we choose to make), we will
either conclude that the data should be grouped o we will
conclude that they should be split.

Despite the awkwardness of documenting that a particular
grouping or splitting decision is appropriate, the issue of identi-
fying the population(s) in a data set is critical. Without a clear
definition of the population(s), other important issues, such as
the evaluation of outlier data, can not be resolved.

This document presents guidance on identifying statistical pop-
ulations. It begins with a discussion of graphical tools and then
addresses statistical tests that can help with the decision of
whether to treat the data as a single population or as several
separate populations. There are other guidance documents in
this series that contain related material. The one entitled OUT-
LIERS provides additional insight into methods for evaluating
whether or not a particular sample should be treated as part
of the population; NONPARAMETRIC METHODS provides alter-
natives to the statistical tests outlined here.

QUALITATIVE INFORMATION

The decision to group data into a single population or into sev-
eral separate populations should, wherever possible, take into
account qualitative information. An understanding of the his-
torical use(s) of a site is invaluable in developing an appropriate
statistical treatment of the available data. Field notes that de-
scribe local conditions in the immediate vicinity of each sample
location are also very useful since these often provide critical
clues to the physical, chemical and geological conditions that
influence contaminant concentrations. A clear understanding
of the goal of the study is also necessary in making appropriate
decisions about the statistical treatment of the data; though
it may be appropriate to group all of the data into a single
population for assessing the total volume of soil that requires
remediation at a contaminated site, it may be necessary to
split the data into several populations if the goal of the study
is detailed local mapping of contaminant concentrations.

There are several graphical tools and statistical tests that can
be used to support decisions about grouping data together or
splitting them into several separate populations. These should
not be used by themselves, however, to justify a decision regard-
ing statistical populations. If a probability plot, for example,
suggests that there may be a mixture of two populations at the
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site, then this observation, which is based purely on a quan-
titative consideration of the data, should be reconciled with
the qualitative information about the site. Do the two popula-
tions reflect natural background and industrial contamination?
Are the magnitudes of the values in the population being desig-
nated as “background” consistent with other information about
what the natural background levels should be? Could the two
populations both be due to industrial contamination but from
different sources? If so, are both sources part of the focus of
the study? All of these questions, and dozens of similar ones,
can not be answered with the data values themselves and need
supporting historical and geological information.

GRAPHICAL TOOLS
Probability plots

One of the most useful graphical displays for exploratory data
analysis is a probability plot, an example of which is shown in
Figure 2. On such a graph, data values are plotted on the
x-axis against the cumulative probability on the y-axis. Using
Figure 2 as an example, about 35% of the data values are below

100 ug/g, and slightly more than 90% are below 1000 ug/g

The scaling on the axes of a probability plot is often confusing
to non-statisticians. The y-axis is squashed in the middle and
stretched at the ends; the distance between 50% and 60%,
for example, is smaller than the distance between 80% and
90%. This kind of y-axis scale is used on probability plots
because it makes it easier to tell whether the data ae close
to being normally distributed. If both the x and y axes have
a conventional linear scale, then cumulative curves of normally
distributed data will plot as an S-curve. It is difficult to tell if an
S-shaped curve is close to the kind of S-shape that normal data
would produce; it is much easier to tell if the data are plotting
on a straight line. By stretching out the y-axis for the very low
and very high values, and squashing it for the middle ones, we
end up with distorted graph paper on which cumulative curves
of normally distributed data will plot as a straight line.

If the distribution of data is skewed, with many low values and
a decreasing proportion of high ones, it is common to use a
logarithmic scale on the x-axis; this style of log-probability plot
is the one that has been used in Figure 2. With logarithmic
scaling on the x-axis and the distorted probability scale on the
y-axis, cumulative data will plot as a straight line if the data
are lognormally distributed.

Whether the data or their logarithrs are normally distributed or
whether they follow some other distribution, a probability plot is
useful for exploring possible sub-populations. If the probability
plot has kinks, with some of the values not following the trend
of the others, this is often taken as evidence that the data
should be separated into different groups. With the example
in Figure 3, the mercury data values show a consistent trend
up to about the 90th percentile; the highest 10% of the data,
however, do not follow the same trend as the lowest 90%. This
behaviour indicates that the highest 10% of the values could be
treated as a separate population. As discussed earlier, however,
the decision to treat the highest 10% as a different population
should be supported by qualitative information regarding the
history of the site and the source of contamination.
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Figure 2 A log-probability plot for lead concentration measure-
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Figure 3 A log-probability plot showing multiple populations.
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Figure 4 A log-probability plot that shows a mixture of “back-

ground” and “contaminated” populations.

Figure 4, which uses the VPH data shown in Table 1, shows an-
other type of behaviour that probability plots often exhibit: the
data values seem to plot on two different trends with a grad-
ual transition between the two. Probability plots of this type
are usually due to overlapping mixtures of several populations.
Such mixtures are common in contaminated sites where the
lower end of industrial contamination overlaps with the higher
end of natural background contamination. Sinclair (1974) dis-
cusses how the information from such probability plots can be
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used to develop distribution models for each of the mixed popu-
lations as well as to calculate the proportion of each population
in the mixture.

Side-by-side boxplots

In many contaminated sites there is qualitative infarmation
about the site or the soil conditions that allows us, if we deem
it necessary, to subdivide the data into different groups. When
considering whether such a splitting is appropriate or not, it is
often useful to be able to compare the distributions in the differ-
ent groups under consideration. For example, we might expect
the level of PCB contamination at depth to indicate whether or
not the surface contamination has passed through a clay layer.
This situation differs somewhat from those that we considered
in the previous section. With all of the probability plot exam-
ples shown earlier we started with the data in a single group and
used the probability plot as a tool to study whether it might
be more appropriate to subdivide them. With the PCB example
given in this section, we already have a grouping in mind —
depth from surface and position relative to the clay layer — and
we are trying to decide whether this distinction is important or
whether no subdivision is necessary.

—Above clay—  —Below clay—
Layer A Layer B Layer C Layer D
100 100
T
|
I s P B
— T =4
2 10 T ] T T T 10
> I I .
= | — I—
£
= 1
g 1 = 1
0. 0.

No. of data 69 58 39 31 No. of data
Mean 332 231 74 6.9 Mean
Stand. Dev. 65.2 471 204 19.2 Stand. Dev.
Maximum 98.8 721 313 194 Maximum
Upper quartile 34.6 313 10.2 9.9 Upper quartile
Median 22.2 17.9 7.2 6.5 Median
Lower quartile 16.8 125 42 41 Lower quartile
Minimum 2.1 11 0.2 0.1 Minimum

Figure 5 Side-by-side boxplots of PCB contamination.

One way of comparing distributions from several groups of data
is to plot their histograms and tabulate some key summary
statistics. Side-by-side boxplots, such as those shown in Fig-
ure b, provide a more useful graphical comparison. The box in
the middle of each individual boxplot extends from the lower
quartile to the upper quartile of the distribution; the bar in
the middle of the box is the median and the “arms” define the
range (minimum to maximum). The black dot shows the mean
of the distribution.

A boxplot presents most of the relevant univariate information
that we need from an exploratory data analysis. It gives us a
sense for where the middle of the distribution lies, how spread
out it is and whether it is symmetric or not. The boxplot
therefore offers most of the useful information that a histogram
contains, but in a more compact format that is more amenable
to side-by-side comparisons between different groups of data.

Where side-b y-side boxplots fo two groups of data show that
their boxes do not overlap — the central 50% of one group
does not overlap with the central 50% of the other group —
this is evidence that supports treating the two groups sepa-
rately. As with the other graphical and statistical tools for
examining populations, a decision to split data into separate
populations should not be based on boxplots alone but should
also be supported with qualitative information that explains
why the distributions are different.

Scatterplots

Where probability plots suggest a mixture of two overlapping
populations, it is often difficult to identify the population to
which each sample belongs since intermediate values could be
high values of one population or low values of the other. Most
contaminated site studies involve a suite of possible contami-
nants and scatterplots can often be the key to sorting out which
samples belong to which populations.
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Figure 6 Separate populations on a scatterplot.

Figure 6 shows an example in which the copper contamination
consists of two populations that overlap. Using only the cop-
per concentration it is not possible to assign each sample to the
background or contaminated population since the low end of
the contaminated distribution overlaps with the high end of the
background distribution. At this site, mercury concentrations
have also been measured. When the mercury and copper con-
centrations are plotted together on a scatterplot, the separate
populations become clearer. With the use of both variables the
separation of the data into two separate populations is much
more straightforward than when the copper or mercury concen-
trations are used separately.

STATISTICAL TESTS

In addition to the graphical tools that can be used to support
a decision to treat two groups of data separately, there are
some statistical tests that can also provide support for such
a decision. Statistical tests are often used when the decision
to recognize separate populations is not immediately obvious.
With the data shown in Figure 5, for example, it is clea that
the PCB concentrations above the clay layer are different from
those below the clay layer. For the A and B soil layers that are
above the clay layer, however, it is not as obvious whether or
not these should be treated as different populations. Though
their means are different, this could either be due to chance o
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could also be due to the underlying populations being different
in the two layers; even if the two sets of data were drawn from
the same underlying population, we would still expect to see
some differences in their means. There are statistical tests that
help us to decide if a difference between the statistics of two
groups of data is due to chance alone or if it is more likely that
the two groups were drawn from different populations.

The t-test

The t-test is used to determine if the difference between the
means of two populations is “statistically significant”. This test
begins by assuming that the two groups of data are from the
same population and then tries to refute this assumption.

If sets of N data are drawn from a common population, the
means of these different sets will fluctuate around the mean
of the parent population. How much fluctuation we should
expect depends on the value of N; if N is large then the mean
of the actual data will be closer to the mean of the parent
population than if N is small. If the N values in each set are
independent, then o, the standard deviation of the means of
the different sets, is related to o, the standard deviation of the
parent population, by the following equation: oy = 0 = VvN.

In addition to using this equation that describes how much the
sample means can fluctuate from the mean of their underlying
population, the t-test assumes that the means will be normally
distributed. Under all of these assumptions — that the means
are, in fact, the same, that the samples are all independent
and that the means are normally distributed — the foll owing
statistic should follow a standard normal distribution:

t mi —m2
- [e2 o2
-1 + 2
Nl N2

N{, m; and o are the number of samples in the first group,
their mean and their standard deviation; N, my and o5 are
the corresponding values for the second group. If the value of t
calculated from the equation above is well within the range of
values expected for a standard normal distribution, -3 to +3,
then the difference between the means can well be explained
by the random fluctuations that we expect between groups of
samples drawn from the same distribution. If t is less than -3 or
greater than 43 then it is very unlikely that random fluctuations
alone are causing the difference. The conventional approach is
to interpret extreme values of t as evidence that the two groups
come from different populations.

As an example of the use of the t-test, let us determine whether
the Layer A and Layer B samples from Figure b have signifi-
cantly different means. The values that we need to substitute
in the equation for the t-statistic are the following:

N1 =69 my = 33.2 01 = 65.2

No = 58 mp = 23.1 oo =471
With these values, the calculated value of the t-statistic is 1.01,
well within the -3 to 43 range that we expect for a standard

normal distribution. This tells us that the difference between

the mean value of the 69 Layer A samples and the 58 Layer
B samples is not large enough to lead us to believe that the
underlying populations are different.

The t-test given above is what is called a "two-sided” t-test
since it takes into account that neither of the sample means is
exactly the same as that of the underlying population. In sit-
uations where the mean of the underlying population is known
(not a very common situation in contaminated site studies), the
equation given above can be turned into a “one-sided” t-test
by setting my to the true mean and o) to zero. An example
of a situation in which we may prefer to do a one-sided t-test
is the comparison of laboratory measurements of a reference
standard to the accepted value of the standard. In this case,
the true mean is the accepted value of the standard and we
are interested in whether the mean of repeated measurments is
significantly different from this accepted reference value.

The philosophy of the t-test is to make an assumption, namely
that the data are from the same population, and then use ex-
treme values of the t statistic to argue that this assumption is
not very plausible. It should be noted, however, that in believ-
ing that the calculated t-statistic should come from a standard
normal distribution, we are making several other assumptions.
It is possible that the assumption of a common population is
correct and that it is one of the other ones — independence of
the samples or normality of the means — that is incorrect.

There are some statistical tests for differences between popula-
tions that do not make distribution assumptions; some of these
are discussed in the guidance document entitled NONPARAMET-
RIC METHODS. If the samples are not independent (a common
case in contaminated site studies) then the difference between
the two means can be larger than the t-test assumes. If two
groups of data fail the t-test under an assumption of indepen-
dence — if their t-statistic is between -3 and 43 — then they
would also fail a modified version of the test when correlation
between the samples is taken into account.
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